Introduction {#Sec1}
============

Fractional Brownian motion has received much attention in recent years due to its long-range dependence, stationarity increments, and self-similarity. It has been widely applied in turbulence, image processing, mathematics finance, and so on for small increments. However, it is inadequate to large increments. So, it is very natural to explore the extension of fractional Brownian motion which keeps some properties of fractional Brownian motion (gaussianity, stationarity of small increments, self-similarity), and then bifractional Brownian motion as a generalization of fractional Brownian motion has been investigated by many authors, see \[[@CR5], [@CR13], [@CR15]\] and the references therein for more details.
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On the other hand, since the work of Varadhan \[[@CR16]\], self-intersection local time, as an important topic of probability theory, has been widely considered and studied in recent years. Especially, when it comes to Brownian motion and fractional Brownian motion, it has been extensively studied, see \[[@CR1], [@CR2], [@CR4], [@CR6], [@CR10], [@CR11], [@CR17]\] and the references therein.

Recently, the self-intersection local time of bifractional Brownian motion has already been researched by few scholars. Jiang and Wang \[[@CR9]\] studied the existence and smoothness of the self-intersection local time of bifractional Brownian motions. Chen et al. \[[@CR3]\] considered the existence and smoothness of self-intersection local times for a large class of Gaussian random fields, including fractional Brownian motion, fractional Brownian sheets, and bifractional Brownian motion. For more on the local time of bifractional Brownian motion, we can see \[[@CR14], [@CR18]\] and so on.

We know that the non-renormalized self-intersection local time of fractional Brownian motion exists in $\documentclass[12pt]{minimal}
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In this paper, the following local times of bifractional Brownian motion will be involved, including the local time $\documentclass[12pt]{minimal}
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The Dirac delta function is formally $$\documentclass[12pt]{minimal}
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By ([1.6](#Equ6){ref-type=""}), we define the approximated self-intersection local time of bifractional Brownian motion by $$\documentclass[12pt]{minimal}
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We will consider the following two questions: We consider the existence in $\documentclass[12pt]{minimal}
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                \begin{document}$\ell_{T}^{H,K}(x)$\end{document}$ for bifractional Brownian motion. Although the existence of the local time for anisotropic Gaussian random fields is obtained in Theorem 2.6 by Chen et al. \[[@CR3]\], which contains the result of bifractional Brownian motion, a sharp upper bound of second moment of the local time for anisotropic Gaussian random fields is not got. It is not enough to research the local time for Gaussian random fields. So, in order to fill this vacancy for bifractional Brownian motion, we give the following Theorem [1.1](#FPar1){ref-type="sec"}.

Theorem 1.1 {#FPar1}
-----------
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(2)The latter problem is to generalize the result of Hu and Nualart \[[@CR7]\] to bifractional Brownian motion. That is, we will consider the existence of the renormalized self-intersection local time of bifractional Brownian motion in $\documentclass[12pt]{minimal}
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The paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, we study the square-integrable of the local time of *d*-dimensional bifractional Brownian motion. We prove the existence of the self-intersection local time of *d*-dimensional bifractional Brownian motion in Sect. [3](#Sec3){ref-type="sec"}.

For simplicity, we will use *k* to denote unspecified positive finite constants which may be different in each appearance throughout this paper.

Square integrable of the local time {#Sec2}
===================================

In this section, the local time of the *d*-dimension bifractional Brownian motion will be discussed. We firstly give the following lemma which plays an important role in proving the existence of the local time and Theorem [1.1](#FPar1){ref-type="sec"}.

Lemma 2.1 {#FPar3}
---------

(\[[@CR15]\], Proposition 2.1)
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Now, we prove Theorem [1.1](#FPar1){ref-type="sec"}, which is an extension of Theorem 5.1 in \[[@CR8]\] to bifractional Brownian motion.

Proof of Theorem [1.1](#FPar1){ref-type="sec"} {#FPar4}
----------------------------------------------
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                \begin{document} $$\begin{aligned} &\mathbb{E} \bigl[ \ell_{T}^{H,K}(x) \bigr]^{2} \\ &\quad =\mathbb{E} \biggl[ \int_{[0,T]^{2}}\delta \bigl(B^{H,K}(t)-x \bigr)\delta \bigl(B^{H,K}(s)-x \bigr)\,ds\,dt \biggr] \\ &\quad =\frac{1}{(2\pi )^{2d}} \int_{[0,T]^{2}} \int_{\mathbb{R}^{2d}} \mathbb{E} \bigl[\exp \bigl\{ i \bigl[ \bigl\langle \bigl(B^{H,K}(t)-x \bigr),\xi \bigr\rangle + \bigl\langle \bigl(B^{H,K}(s)-x \bigr), \eta \bigr\rangle \bigr] \bigr\} \bigr]\,d\xi \,d\eta \,ds\,dt \\ &\quad =\frac{1}{(2\pi )^{2d}} \int_{[0,T]^{2}} \int_{\mathbb{R}^{2d}} \mathbb{E} \Biggl[\exp \Biggl\{ i\sum ^{d}_{m=1} \bigl[ \bigl(B^{H,K}_{m}(t) -x _{m} \bigr)\xi_{m} \\ &\quad \quad {}+ \bigl(B^{H,K}_{m}(s)-x_{m} \bigr) \eta_{m} \bigr] \Biggr\} \Biggr]\,d\xi\,d\eta \,ds\,dt \\ &\quad \leq \frac{2}{(2\pi )^{2d}} \int_{0\leq s< t\leq T} \int_{\mathbb{R} ^{2d}} \prod^{d}_{m=1} \exp \biggl\{ -\frac{1}{2}\operatorname{Var}( \bigl[ \bigl(B^{H,K}_{m}(t) \xi_{m} \\ &\quad \quad {}+B^{H,K}_{m}(s)\eta_{m} \bigr] \bigr) \biggr\} \,d\xi \,d\eta \,ds\,dt, \end{aligned}$$ \end{document}$$ where we used the fact that $\documentclass[12pt]{minimal}
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                \begin{document}$\mathbb{E}[e^{iX}]=\exp \{-\frac{1}{2} \operatorname{Var}(X)\}$\end{document}$ for any Gaussian random variable *X*.

By the local nondeterminism ([2.2](#Equ10){ref-type=""}) of bifractional Brownian motion and $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \operatorname{Var} \bigl(B^{H,K}_{m}(t)\xi_{m}+B^{H,K}_{m}(s) \eta_{m} \bigr) &= \operatorname{Var} \bigl( \bigl(B^{H,K}_{m}(t)-B^{H,K}_{m}(s) \bigr)\xi_{m} \bigr)+\operatorname{Var} \bigl(B^{H,K}_{m}(s) (\xi_{m}+\eta_{m}) \bigr) \\ &\geq k \bigl[{\vert \xi_{m} \vert }^{2}\vert t-s \vert ^{2HK}+\vert \xi_{m}+\eta_{m} \vert ^{2}s^{2HK} \bigr]. \end{aligned}$$ \end{document}$$

Therefore, we get that the last integral of ([2.3](#Equ11){ref-type=""}) is bounded by the following expression: $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \frac{2}{(2\pi )^{2d}} \int_{0\leq s< t\leq T} \int_{{\mathbb{R}}^{2d}} \prod^{d}_{m=1} \exp \biggl\{ -\frac{k}{2} \bigl[{\vert \xi_{m} \vert }^{2}\vert t-s \vert ^{2HK}+\vert \xi_{m}+ \eta_{m} \vert ^{2}s^{2HK} \bigr] \biggr\} \,d\xi \,d\eta \,dt\,ds. \end{aligned}$$ \end{document}$$

By integrating with respect to *ξ* and *η*, respectively, and changing the variable $\documentclass[12pt]{minimal}
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                \begin{document}$s=tu$\end{document}$ for *s*, we obtain that expression ([2.4](#Equ12){ref-type=""}) is equal to $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\frac{2}{(2\pi )^{d}k^{\frac{d}{2}}} \int_{0\leq s< t\leq T}\frac{1}{s ^{HKd}\vert t-s \vert ^{HKd}}\,ds\,dt \\ &\quad =\frac{2}{(2\pi )^{d}k^{\frac{d}{2}}} \int_{0}^{T}\,dt \int_{0}^{t}s ^{-HKd} (t-s)^{-HKd} \,ds \\ &\quad =\frac{2}{(2\pi )^{d}k^{\frac{d}{2}}} \int_{0}^{T}t^{(1-2HKd)}\,dt \int _{0}^{1}u^{-HKd}(1-u)^{-HKd} \,du \\ &\quad =\frac{2}{(2\pi )^{d}k^{\frac{d}{2}}}\text{B}(1-HKd,1-HKd) \int_{0} ^{T}t^{(1-2HKd)}\,dt \\ &\quad = \frac{2\varGamma^{2}(1-HKd)}{(2\pi )^{d}k^{\frac{2}{d}}\varGamma (3-HKd)}T ^{2-2HKd}. \end{aligned}$$ \end{document}$$ This completes the proof. □

Remark {#FPar5}
------

this proposition implies that the local time of bifractional Brownian motion exists in $\documentclass[12pt]{minimal}
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The existence of the renormalized self-intersection local time {#Sec3}
==============================================================

In this section, we will prove the existence of the renormalized self-intersection local time of bifractional Brownian motion, which extends the result of Hu and Nualart \[[@CR7]\] to bifractional Brownian motion. For more on the existence of the self-intersection local time of bifractional Brownian motion, we can refer to Jiang and Wang \[[@CR9]\] and Chen et al. \[[@CR3]\].

According to the definition for the self-intersection local time of bifractional Brownian motion and ([1.7](#Equ7){ref-type=""}), we get $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &L_{\varepsilon }(H,K,T) \\ &\quad = \int^{T}_{0} \int^{t}_{0}p_{\varepsilon } \bigl(B ^{H,K}(t)-B^{H,K}(s) \bigr)\,ds\,dt \\ &\quad =\frac{1}{(2\pi )^{d}} \int^{T}_{0} \int^{t}_{0} \int_{\mathbb{R}^{d}} \exp \biggl\{ i\bigl\langle \xi ,B^{H,K}(t)-B^{H,K}(s) \bigr\rangle - \frac{1}{2}\varepsilon {\vert \xi \vert }^{2} \biggr\} \,d{\xi }\,ds\,dt. \end{aligned}$$ \end{document}$$ Then, by the independence of $\documentclass[12pt]{minimal}
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                \begin{document}$B^{H,K}_{1},\ldots ,B^{H,K}_{d}$\end{document}$, we obtain the mean of the self-intersection local time $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\mathbb{E} \bigl[L_{\varepsilon }(H,K,T) \bigr] \\ &\quad =\frac{1}{(2\pi )^{d}} \int^{T}_{0} \int^{t}_{0} \int_{\mathbb{R}^{d}} \mathbb{E}\exp \Biggl\{ i\sum _{m=1}^{d} \bigl(B^{H,K}_{m}(t)-B^{H,K}_{m}(s) \bigr) \xi_{m} \Biggr\} \exp \biggl\{ -\frac{1}{2}\varepsilon { \vert \xi \vert }^{2} \biggr\} d {\xi }\,ds\,dt \\ &\quad =\frac{1}{(2\pi )^{d}} \int^{T}_{0} \int^{t}_{0} \int_{\mathbb{R}^{d}} \prod_{m=1}^{d} \exp \biggl\{ -\frac{1}{2}\operatorname{Var} \bigl( \bigl(B^{H,K}_{m}(t) \\ &\quad \quad {}-B ^{H,K}_{m}(s) \bigr)\xi_{m} \bigr) \biggr\} \exp \biggl\{ -\frac{1}{2}\varepsilon {\vert \xi \vert }^{2} \biggr\} \,d{\xi }\,ds\,dt \\ &\quad =\frac{1}{(2\pi )^{d}} \int^{T}_{0} \int^{t}_{0} \int_{\mathbb{R}^{d}} \prod_{m=1}^{d} \exp \biggl\{ -\frac{1}{2}\vert \xi_{m} \vert ^{2} \bigl(\operatorname{Var} \bigl(B ^{H,K}_{m}(t)-B^{H,K}_{m}(s) \bigr)+\varepsilon \bigr) \biggr\} \,d{\xi }\,ds\,dt \\ &\quad =\frac{1}{(2\pi )^{\frac{d}{2}}} \int^{T}_{0} \int^{t}_{0} \bigl(\operatorname{Var} \bigl(B ^{H,K}_{1}(t)-B^{H,K}_{1}(s) \bigr)+ \varepsilon \bigr)^{-\frac{d}{2}}\,ds\,dt, \end{aligned}$$ \end{document}$$ and the second moment of the self-intersection local time $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\mathbb{E} \bigl[L_{\varepsilon }^{2}(H,K,T) \bigr] \\ &\quad =\mathbb{E} \biggl[ \int^{T}_{0} \int^{t}_{0} \int^{T}_{0} \int^{t'}_{0}p _{\varepsilon } \bigl(B^{H,K}(t)-B^{H,K}(s) \bigr) p_{\varepsilon } \bigl(B^{H,K} \bigl(t' \bigr)-B ^{H,K} \bigl(s' \bigr) \bigr)\,ds' \,dt'\,ds\,dt \biggr] \\ &\quad =\frac{1}{(2\pi )^{2d}}\mathbb{E} \biggl[ \int_{\mathcal{T}} \int_{\mathbb{R}^{2d}}\exp \biggl\{ i\bigl\langle \xi ,B^{H,K}(t)-B^{H,K}(s) \bigr\rangle - \frac{1}{2}\varepsilon {\vert \xi \vert }^{2} \biggr\} \\ &\quad \quad {}\times \exp \biggl\{ i\bigl\langle \eta ,B^{H,K} \bigl(t' \bigr)-B^{H,K} \bigl(s' \bigr)\bigr\rangle -\frac{1}{2} \varepsilon { \vert \eta \vert }^{2} \biggr\} \,d{\xi }d{\eta }\,d \tau \biggr] \\ &\quad =\frac{1}{(2\pi )^{2d}} \int_{\mathcal{T}} \int_{\mathbb{R}^{2d}} \exp \biggl\{ -\frac{1}{2}\varepsilon \bigl({ \vert \xi \vert }^{2}+{\vert \eta \vert }^{2} \bigr) \biggr\} \mathbb{E}\exp \Biggl\{ i\sum_{m=1}^{d} \bigl[ \bigl(B^{H,K}_{m}(t)-B ^{H,K}_{m}(s) \bigr)\xi_{m} \\ &\quad \quad {}+ \bigl(B^{H,K}_{m} \bigl(t' \bigr)-B^{H,K}_{m} \bigl(s' \bigr) \bigr) \eta_{m} \bigr] \Biggr\} \,d{\xi }d{\eta }\,d\tau \\ &\quad =\frac{1}{(2\pi )^{2d}} \int_{\mathcal{T}} \int_{\mathbb{R}^{2d}} \exp \biggl\{ -\frac{1}{2}\varepsilon \bigl({ \vert \xi \vert }^{2}+{\vert \eta \vert }^{2} \bigr) \biggr\} \prod_{m=1}^{d}\exp \biggl\{ - \frac{1}{2}\operatorname{Var} \bigl[ \bigl(B^{H,K} _{m}(t)-B^{H,K}_{m}(s) \bigr)\xi_{m} \\ &\quad \quad {}+ \bigl(B^{H,K}_{m} \bigl(t' \bigr)-B^{H,K}_{m} \bigl(s' \bigr) \bigr) \eta_{m} \bigr] \biggr\} \,d{\xi }d{\eta }\,d\tau , \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\operatorname{Var} \bigl[ \bigl(B^{H,K}_{m}(t)-B^{H,K}_{m}(s) \bigr)\xi_{m}+ \bigl(B^{H,K}_{m} \bigl(t' \bigr)-B ^{H,K}_{m} \bigl(s' \bigr) \bigr) \eta_{m} \bigr] \\ &\quad =\mathbb{E} \bigl[ \bigl(B^{H,K}_{m}(t)-B^{H,K}_{m}(s) \bigr)\xi_{m}+ \bigl(B^{H,K}_{m} \bigl(t' \bigr)-B ^{H,K}_{m} \bigl(s' \bigr) \bigr) \eta_{m} \bigr]^{2} \\ &\quad =\mathbb{E} \bigl[ \bigl(B^{H,K}_{m}(t)-B^{H,K}_{m}(s) \bigr)^{2}\xi_{m}^{2}+ \bigl(B ^{H,K}_{m} \bigl(t' \bigr)-B^{H,K}_{m} \bigl(s' \bigr) \bigr)^{2}\eta_{m}^{2} \\ & \qquad{}+2\xi_{m}\eta_{m} \bigl(B^{H,K}_{m}(t)-B^{H,K}_{m}(s) \bigr) \bigl(B^{H,K}_{m} \bigl(t' \bigr)-B ^{H,K}_{m} \bigl(s' \bigr) \bigr) \bigr] \\ &\quad =\vert \xi_{m} \vert ^{2}\lambda +\vert \eta_{m} \vert ^{2}\rho +2\xi_{m} \eta_{m}\mu , \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$B^{H,K}_{1}(t)$\end{document}$ denotes a one-dimensional bifractional Brownian motion with Hurst parameters *H* and *K*, *λ* is the variance of $\documentclass[12pt]{minimal}
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                \begin{document}$B^{H,K}_{1}(t')-B^{H,K}_{1}(s')$\end{document}$.

Then the second moment of the random variable $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document} $$\begin{aligned} &\mathbb{E} \bigl[L_{\varepsilon }^{2}(H,K,T) \bigr] \\ &\quad =\frac{1}{(2\pi )^{2d}} \int_{\mathcal{T}} \int_{\mathbb{R}^{2d}} \prod_{m=1}^{d} \exp \biggl\{ -\frac{1}{2} \bigl[\vert \xi_{m} \vert ^{2}\lambda +\vert \eta_{m} \vert ^{2} \rho +2\xi_{m}\eta_{m}\mu \bigr] \biggr\} \\ &\quad \quad {}\times \exp \biggl\{ - \frac{1}{2}\varepsilon \bigl({\vert \xi \vert }^{2}+{\vert \eta \vert }^{2} \bigr) \biggr\} \,d{\xi }d {\eta }\,d\tau \\ &\quad =\frac{1}{(2\pi )^{2d}} \int_{\mathcal{T}} \int_{\mathbb{R}^{2d}} \exp \biggl\{ -\frac{1}{2} \bigl(\vert \xi \vert ^{2}\lambda +\vert \eta \vert ^{2}\rho +2\langle \xi ,\eta \rangle \mu \bigr) \biggr\} \\ &\quad \quad {}\times \exp \biggl\{ -\frac{1}{2}\varepsilon \bigl({ \vert \xi \vert }^{2}+ {\vert \eta \vert }^{2} \bigr) \biggr\} \,d{\xi }d{\eta }\,d\tau \\ &\quad =\frac{1}{(2\pi )^{d}} \int_{\mathcal{T}} \bigl[(\lambda +\varepsilon ) ( \rho +\varepsilon )- \mu^{2} \bigr]^{-\frac{d}{2}}\,d\tau . \end{aligned}$$ \end{document}$$
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                \begin{document} $$\begin{aligned} \mathbb{E} & \bigl(L_{\varepsilon_{1}}(H,K,T)-\mathbb{E} \bigl[L_{\varepsilon _{1}}(H,K,T) \bigr] \bigr) \bigl(L_{\varepsilon_{2}}(H,K,T)- \mathbb{E} \bigl[L_{ \varepsilon_{2}}(H,K,T) \bigr] \bigr) \\ &=\mathbb{E} \bigl(L_{\varepsilon_{1}}(H,K,T)L_{\varepsilon_{2}}(H,K,T) \bigr)- \bigl( \mathbb{E} \bigl[L_{\varepsilon_{1}}(H,K,T) \bigr]\mathbb{E} \bigl[L_{ \varepsilon_{2}}(H,K,T) \bigr] \bigr) \\ &=\frac{1}{(2\pi )^{d}} \int_{\mathcal{T}} \bigl[ \bigl[(\lambda +\varepsilon _{1}) ( \rho +\varepsilon_{2})-\mu^{2} \bigr]^{-\frac{d}{2}} -({ \lambda }+ \varepsilon_{1})^{-\frac{d}{2}}({\rho }+ \varepsilon_{2})^{- \frac{d}{2}} \bigr]\,d\tau . \end{aligned}$$ \end{document}$$

By equality ([3.4](#Equ17){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\lim_{\varepsilon_{1},\varepsilon_{2}\rightarrow 0} \mathbb{E} \bigl(L _{\varepsilon_{1}}(H,K,T)- \mathbb{E} \bigl[L_{\varepsilon_{1}}(H,K,T) \bigr] \bigr) \bigl(L_{\varepsilon_{2}}(H,K,T)- \mathbb{E} \bigl[L_{\varepsilon_{2}}(H,K,T) \bigr] \bigr) \\ &\quad =\lim_{\varepsilon_{1},\varepsilon_{2}\rightarrow 0}\frac{1}{(2 \pi )^{d}} \int_{\mathcal{T}} \bigl[ \bigl[(\lambda +\varepsilon_{1}) ( \rho + \varepsilon_{2})-\mu^{2} \bigr]^{-\frac{d}{2}} -({ \lambda }+\varepsilon_{1})^{- \frac{d}{2}}({\rho }+\varepsilon_{2})^{-\frac{d}{2}} \bigr]\,d\tau \\ &\quad =\frac{1}{(2\pi )^{d}} \int_{\mathcal{T}} \bigl[ \bigl(\lambda \rho -\mu^{2} \bigr)^{- \frac{d}{2}}-(\lambda \rho )^{-\frac{d}{2}} \bigr]\,d\tau . \end{aligned}$$ \end{document}$$ Therefore, the limit of $$\documentclass[12pt]{minimal}
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By Loève's criterion of mean-square convergence, we know that a necessary and sufficient condition for the convergence of $\documentclass[12pt]{minimal}
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For notation and simplicity along the paper, we will denote $\documentclass[12pt]{minimal}
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The following lemma provides some useful inequalities for the proof of Theorem [1.2](#FPar2){ref-type="sec"}.

Lemma 3.2 {#FPar8}
---------

*Following the decomposition of the region* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{T}$\end{document}$, *there exists a constant* *k* *such that* (i)$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \delta_{1}\geq k \bigl[(a+b)^{2HK}c^{2HK}+(b+c)^{2HK} a^{2HK} \bigr], \end{aligned}$$ \end{document}$$(ii)*for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i=2,3$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \delta_{i}\geq k\lambda_{i} \rho_{i}. \end{aligned}$$ \end{document}$$

Proof {#FPar9}
-----

For case (i), we denote $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\bar{a}=\operatorname{Var}(B^{H,K}_{1}(s')-B ^{H,K}_{1}(s))$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\bar{b}=\operatorname{Var}(B^{H,K}_{1}(t)-B^{H,K}_{1}(s'))$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\bar{c}=\operatorname{Var}(B^{H,K}_{1}(t')-B^{H,K}_{1}(t))$\end{document}$. On the one hand, by the local nondeterminism ([2.2](#Equ10){ref-type=""}), we have, for all *u* and *v*, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\operatorname{Var} \bigl(u \bigl(B^{H,K}_{1}(t)-B^{H,K}_{1}(s) \bigr)+v \bigl(B^{H,K}_{1} \bigl(t' \bigr)-B^{H,K} _{1} \bigl(s' \bigr) \bigr) \bigr) \\ &\quad =\operatorname{Var} \bigl(u \bigl(B^{H,K}_{1} \bigl(s' \bigr)-B^{H,K}_{1}(s) \bigr)+(u+v) \bigl(B^{H,K}_{1}(t)-B ^{H,K}_{1} \bigl(s' \bigr) \bigr) \\ & \qquad {}+v \bigl(B^{H,K}_{1} \bigl(t' \bigr)-B^{H,K}_{1}(t) \bigr) \bigr) \\ &\quad \geq k \bigl[\bar{a}u^{2}+\bar{b}(u+v)^{2}+ \bar{c}v^{2} \bigr]. \end{aligned}$$ \end{document}$$
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                \begin{document} $$\begin{aligned} \delta_{1}\geq k(\lambda_{1} \bar{c}+\rho_{1} \bar{a})-k^{2}(\bar{a} \bar{b}+\bar{b}\bar{c}+\bar{a}\bar{c}). \end{aligned}$$ \end{document}$$
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                \begin{document} $$\begin{aligned} &\operatorname{Var} \bigl(u \bigl(B^{H,K}_{1}(t)-B^{H,K}_{1}(s) \bigr)+v \bigl(B^{H,K}_{1} \bigl(t' \bigr)-B^{H,K} _{1} \bigl(s' \bigr) \bigr) \bigr) \\ &\quad =\mathbb{E} \bigl[u \bigl(B^{H,K}_{1}(t)-B^{H,K}_{1}(s) \bigr)+v \bigl(B^{H,K}_{1} \bigl(t' \bigr)-B ^{H,K}_{1} \bigl(s' \bigr) \bigr) \bigr]^{2} \\ &\quad \geq k \bigl(\bar{b}v^{2}+(\bar{a}+\bar{b}+ \bar{c})u^{2} \bigr). \end{aligned}$$ \end{document}$$ On the other hand, $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\operatorname{Var} \bigl(u \bigl(B^{H,K}_{1}(t)-B^{H,K}_{1}(s) \bigr)+v \bigl(B^{H,K}_{1} \bigl(t' \bigr)-B^{H,K} _{1} \bigl(s' \bigr) \bigr) \bigr) \\ &\quad =\mathbb{E} \bigl[u \bigl(B^{H,K}_{1}(t)-B^{H,K}_{1}(s) \bigr)+v \bigl(B^{H,K}_{1} \bigl(t' \bigr)-B ^{H,K}_{1} \bigl(s' \bigr) \bigr) \bigr]^{2} \\ &\quad =u^{2}\mathbb{E} \bigl(B^{H,K}_{1}(t)-B^{H,K}_{1}(s) \bigr)^{2}+v^{2}\mathbb{E} \bigl(B ^{H,K}_{1} \bigl(t' \bigr)-B^{H,K}_{1} \bigl(s' \bigr) \bigr)^{2} \\ & \quad \quad {}+2uv \mathbb{E} \bigl[ \bigl(B^{H,K}_{1}(t)-B^{H,K}_{1}(s) \bigr) \bigl(B^{H,K}_{1} \bigl(t' \bigr)-B^{H,K} _{1} \bigl(s' \bigr) \bigr) \bigr] \\ &\quad =\lambda_{2} u^{2}+\rho_{2} v^{2}+2 \mu_{2}uv. \end{aligned}$$ \end{document}$$

Then, we have the following inequality by combining ([3.14](#Equ27){ref-type=""}) with ([3.15](#Equ28){ref-type=""}): $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \lambda_{2} u^{2}+2\mu_{2} uv+\rho_{2} v^{2}\geq k \bigl(\bar{b}v^{2}+( \bar{a}+\bar{b}+ \bar{c})u^{2} \bigr). \end{aligned}$$ \end{document}$$ Thus, it is easy to see $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \bigl[\lambda_{2}-k(\bar{a}+\bar{b}+\bar{c}) \bigr]( \rho_{2}-k\bar{b})-\mu_{2} ^{2}\geq 0. \end{aligned}$$ \end{document}$$

Furthermore, according to the definition of *δ*, we can get $$\documentclass[12pt]{minimal}
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                \begin{document}$\rho_{3}=\bar{c}$\end{document}$. Meanwhile, by the local nondeterminism ([2.2](#Equ10){ref-type=""}), for all *u* and *v*, $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \operatorname{Var} \bigl(u \bigl(B^{H,K}_{1}(t)-B^{H,K}_{1}(s) \bigr)+v \bigl(B^{H,K}_{1} \bigl(t' \bigr)-B^{H,K} _{1} \bigl(s' \bigr) \bigr) \bigr) \geq k \bigl(\bar{a}u^{2}+\bar{c}v^{2} \bigr) \end{aligned}$$ \end{document}$$ and $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \operatorname{Var} \bigl(u \bigl(B^{H,K}_{1}(t)-B^{H,K}_{1}(s) \bigr)+v \bigl(B^{H,K}_{1} \bigl(t' \bigr)-B^{H,K} _{1} \bigl(s' \bigr) \bigr) \bigr)= \lambda_{3} u^{2}+\rho_{3} v^{2}+2 \mu_{3}uv. \end{aligned}$$ \end{document}$$ Then, it follows from combining ([3.16](#Equ29){ref-type=""}) with ([3.17](#Equ30){ref-type=""}) that $$\documentclass[12pt]{minimal}
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By Lemma [3.2](#FPar8){ref-type="sec"} and $\documentclass[12pt]{minimal}
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Lemma 3.3 {#FPar10}
---------
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                \begin{document} $$\begin{aligned} \varTheta_{i}\leq k(\lambda_{i} \rho_{i})^{-\frac{d}{2}}. \end{aligned}$$ \end{document}$$

The proof of this lemma can be found in Hu and Nualart \[[@CR7]\].

For proving Theorem [1.2](#FPar2){ref-type="sec"}, we will make use of the following elementary lemma.

Lemma 3.4 {#FPar11}
---------
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Proof {#FPar12}
-----

The proof will be done in two steps.

*Step* 1. We give the proof of the sufficient condition, that is, if $\documentclass[12pt]{minimal}
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                \begin{document}$$ \Delta_{2,1}=\frac{1}{2^{K}} \bigl[ \bigl(t^{2H}+t^{\prime{2H}} \bigr)^{K}- \bigl(t^{2H}+s^{\prime 2H} \bigr)^{K}- \bigl(s ^{2H}+t^{\prime 2H} \bigr)^{K}+ \bigl(s^{2H}+s^{\prime 2H} \bigr)^{K} \bigr]. $$\end{document}$$
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                \begin{document} $$\begin{aligned} \bigl(t^{2H}+t^{\prime 2H} \bigr)^{K}- \bigl(t^{2H}+s^{\prime 2H} \bigr)^{K} &\leq K \bigl(t^{2H}+\xi^{2H} \bigr)^{K-1}2H \xi^{2H-1} \bigl(t'-s' \bigr) \\ &\leq K\xi^{2HK-1} \bigl(t'-s' \bigr). \end{aligned}$$ \end{document}$$ If $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \Delta_{2,1} &=\frac{1}{2^{K}} \bigl[ \bigl(t^{2H}+t^{\prime 2H} \bigr)^{K}- \bigl(t^{2H}+s^{\prime 2H} \bigr)^{K}- \bigl(s ^{2H}+t^{\prime 2H} \bigr)^{K}+ \bigl(s^{2H}+s^{\prime 2H} \bigr)^{K} \bigr] \\ &\leq k \bigl[ \bigl(t^{2H}+t^{\prime 2H} \bigr)^{K}- \bigl(t^{2H}+s^{\prime 2H} \bigr)^{K} \bigr] \\ &\leq k \bigl(a^{2HK-1}+c^{2HK-1} \bigr)b. \end{aligned}$$ \end{document}$$ By combining $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \Delta_{2,1} &=\frac{1}{2^{K}} \bigl[ \bigl(t^{2H}+t^{\prime 2H} \bigr)^{K}- \bigl(t^{2H}+s^{\prime 2H} \bigr)^{K}- \bigl(s ^{2H}+t^{\prime 2H} \bigr)^{K}+ \bigl(s^{2H}+s^{\prime 2H} \bigr)^{K} \bigr] \\ &\leq \frac{1}{2^{K}}2HK \int_{s'}^{t'}x^{2H-1} \bigl[ \bigl(t^{2H}+x^{2H} \bigr)^{K-1}- \bigl(s ^{2H}+x^{2H} \bigr)^{K-1} \bigr]\,dx \\ &\leq \frac{1}{2^{K}}2HK \int_{0}^{T}x^{2H-1} \bigl[ \bigl(t^{2H}+x^{2H} \bigr)^{K-1}- \bigl(s ^{2H}+x^{2H} \bigr)^{K-1} \bigr]\,dx \\ &< 0. \end{aligned}$$ \end{document}$$ It follows that $\documentclass[12pt]{minimal}
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Using ([3.18](#Equ31){ref-type=""}) of Lemma [3.3](#FPar10){ref-type="sec"}, we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \varXi_{T} &= \int_{{b< \eta_{1} a},{b< \eta_{2} c}}\varTheta_{2}\,da\,db\,dc \\ &\leq \int_{{b< \eta_{1} a},{b< \eta_{2} c}}k\mu_{2}^{2}( \lambda_{2} \rho_{2})^{-\frac{d}{2}-1}\,da\,db\,dc \\ &\leq \int_{{b< \eta_{1} a},{b< \eta_{2} c}}k \bigl(a^{2HK-1}+c^{2HK-1} \bigr)^{2}b ^{2} \bigl((a+b+c)^{2HK}b^{2HK} \bigr)^{-\frac{d}{2}-1}\,da\,db\,dc \\ &\leq k \int_{{b< \eta_{1} a},{b< \eta_{2} c}} \bigl(a^{4HK-2}+c^{4HK-2} \bigr) (a+b+c)^{-HKd-2HK}b ^{2-HKd-2HK}\,da\,db\,dc \\ &\leq k \int_{{b< \eta_{1} a},{b< \eta_{2} c}} \bigl(a^{(2-\frac{d}{3})HK}b ^{\frac{dHK}{3}}+c^{(2-\frac{d}{3})HK}b^{\frac{dHK}{3}} \bigr) (a+b+c)^{-HKd-2HK}b ^{-HKd}\,da\,db\,dc \\ &\leq k \int_{[0,T]^{3}}a^{(2-\frac{d}{3})HK}b^{\frac{dHK}{3}}(a+b+c)^{-HKd-2HK}b ^{-HKd}\,da\,db\,dc \\ &\leq k \int_{[0,T]^{3}}a^{-\frac{2dHK}{3}}b^{-\frac{2dHK}{3}}c^{- \frac{2dHK}{3}}\,da \,db\,dc< + \infty . \end{aligned}$$ \end{document}$$
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \varXi_{T} &= \int_{b\geq \eta_{2} a}\varTheta_{2}\,da\,db\,dc \\ &\leq k \int_{b\geq \eta_{2} a}(\lambda_{2}\rho_{2})^{-\frac{d}{2}} \,da\,db\,dc \\ &=k \int_{b\geq \eta_{2} a} \bigl[b^{2HK}(a+b+c)^{2HK} \bigr]^{-\frac{d}{2}}\,da\,db\,dc \\ &=k \int_{b\geq \eta_{2} a}\frac{1}{b^{HKd}(a+b+c)^{HKd}}\,da\,db\,dc. \end{aligned}$$ \end{document}$$ If $\documentclass[12pt]{minimal}
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                \begin{document}$HKd<1$\end{document}$, the last integral of ([3.25](#Equ38){ref-type=""}) is finite.
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Firstly, we consider in the region $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \int_{I_{1}}\varTheta_{3}\,da\,db\,dc &\leq \int_{a\geq \eta_{1}b,c\geq \eta _{2}b} k(\lambda_{i}\rho_{i})^{-\frac{d}{2}} \,da\,db\,dc \\ &=k \int_{a\geq \eta_{1}b,c\geq \eta_{2}b} \bigl(a^{2HK}c^{2HK} \bigr)^{- \frac{d}{2}}\,da\,db\,dc \\ &=k \int_{0}^{T}\,db \int_{\eta_{1}b}^{T}a^{-dKH}\,da \int_{\eta_{2}b}^{T}c ^{-dKH}\,dc \\ &\leq k \int_{0}^{T}\frac{db}{b^{2(dHK-1)}} < +\infty . \end{aligned}$$ \end{document}$$
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                \begin{document} $$\begin{aligned} \varTheta_{3} &\leq k\mu^{2}_{3}( \lambda_{3}\rho_{3})^{-\frac{d}{2}-1} \\ &\leq k \bigl(b^{2HK-2}ac \bigr)^{2} \bigl(a^{2HK}c^{2HK} \bigr)^{-\frac{d}{2}-1} \\ &\leq kb^{4HK-4}a^{2-2HK-dHK}c^{2-2HK-dHK} \\ &\leq ka^{-\frac{2}{3}dHK}c^{-\frac{2}{3}dHK}b^{-\frac{2}{3}dHK}, \end{aligned}$$ \end{document}$$ where we have used the inequality $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$-\frac{2}{3}dHK<2-2HK-dHK$\end{document}$. Therefore, $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \int_{a< \eta_{1}b,c< \eta_{2}b}\varTheta_{3}\,da\,db\,dc\leq k \int_{a< \eta_{1}b,c< \eta_{2}b}a^{-\frac{2}{3}dHK}c^{-\frac{2}{3}dHK}b ^{-\frac{2}{3}dHK}\,da \,db\,dc< +\infty . \end{aligned}$$ \end{document}$$

Finally, we consider the case $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \Delta_{3,1} &\leq \frac{1}{2^{K}} \bigl(\vert a+b+c \vert ^{2HK}-\vert a+b \vert ^{2HK} \bigr) \\ &=\frac{1}{2^{K}}2HK \int^{c}_{0}(a+b+x)^{2HK-1}\,dx \\ &\leq kc(a+b+c)^{2HK-1} \\ &\leq ka^{2HK-1}c, \end{aligned}$$ \end{document}$$ so, $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \mu_{3}\leq ka^{2HK-1}c, \end{aligned}$$ \end{document}$$ it follows that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document} $$\begin{aligned} \int_{a\geq \eta_{1}b, c< \eta_{2}b} \varTheta_{3}\,da\,db\,dc &\leq \int_{a\geq \eta_{1}b, c< \eta_{2}b} a^{2HK-dHK - 2}c^{2-dHK-2HK}\,dc\,db\,da \\ &\leq k \int_{a\geq \eta_{1}b}a^{2HK-dHK - 2}b^{3-dHK-2HK}\,db\,da \\ &\leq k \int_{e\leq \eta a}a^{2HK-dHK-2}a^{4-dHK-2HK}\,da \\ &= k \int_{0}^{T} a^{2-2dHK}\,da< + \infty . \end{aligned}$$ \end{document}$$
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Now, we give the proof of Theorem [1.2](#FPar2){ref-type="sec"}.

Proof of Theorem [1.2](#FPar2){ref-type="sec"} {#FPar13}
----------------------------------------------

By ([3.4](#Equ17){ref-type=""}), we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\lim_{\varepsilon_{1}\rightarrow 0, \varepsilon_{2}\rightarrow 0} \mathbb{E} \bigl(L_{\varepsilon_{1}}(H,K,T)-\mathbb{E} \bigl[L_{\varepsilon _{1}}(H,K,T) \bigr] \bigr) \bigl(L_{\varepsilon_{2}}(H,K,T)- \mathbb{E} \bigl[L_{ \varepsilon_{2}}(H,K,T) \bigr] \bigr) \\ &\quad =\varXi_{T}. \end{aligned}$$ \end{document}$$ And it follows from Lemma [3.4](#FPar11){ref-type="sec"} that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \varXi_{T}= \int_{\mathcal{T}} \bigl[ \bigl(\lambda \rho -\mu^{2} \bigr)^{-\frac{d}{2}}-( \lambda \rho )^{-\frac{d}{2}} \bigr]\,d\tau < +\infty\quad \mbox{if and only if } HKd< \frac{3}{2}. \end{aligned}$$ \end{document}$$ These imply that the renormalized self-intersection local time $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L_{\varepsilon }(H,K,T)-\mathbb{E}[L_{\varepsilon }(H,K,T)]$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B^{H,K}$\end{document}$ converges in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{2}$\end{document}$ as *ε* tends to zero if and only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$HKd<\frac{3}{2}$\end{document}$. This completes the proof of Theorem [1.2](#FPar2){ref-type="sec"}. □

Conclusions {#Sec4}
===========

In this paper, we considered that the local time and the renormalized self-intersection local time of *d*-dimensional bifractional Brownian motion with Hurst parameters $\documentclass[12pt]{minimal}
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